The convergence of product rules of interpolatory type for the numerical evaluation of certain two-dimensional Cauchy principal value integrals is proved. Some estimates of the remainder are established for several classes of functions. Earlier results are generalized and improved.
We observe that the rule (1.2) has degree of exactness (m, n) at least, and we may obtain it using a product of interpolatory rules of type m+1 (1-4) *W(g;a)=YHi{a)g{xi), t=i which are frequently used to approximate the one-dimensional Cauchy principal value integral $d)(ff;s)= I É?Lw(x)dx.
J -i x -s
Recently, the convergence of rule (1.4) has been studied in [1] under the assumption that the knots {xj} are the zeros of the orthogonal polynomials associated with a generalized smooth Jacobi weight v (v G GSJ) [5] ; that is, The main object of this paper is to extend the previous convergence results to the rule (1.2). This subject has been of interest to other authors [3], [4] , [6] . They proved convergence theorems in case the function / is Holder continuous and the knots {xi}, {yj} are chosen in a suitable way. We prove the convergence of rule (1.2) under weaker assumptions on the function / and the weight functions w\,w2, and with more freedom in the choice of the knots {(xt, yj)}-The technique we use to prove our results is different from those presented in the papers mentioned above, since these latter do not seem to imply our results. We further establish estimates of the remainder which are better than those in [3], [4] , [6] . This is described in Theorem 3.1, the main result of the present work.
Notations
and Auxiliary Results. The symbol "const" stands for a positive constant taking on a different value each time it is used. It will always be clear which variables and indices the constants are independent of. Throughout this paper, Ck(I) (fc > 0) denotes the space of functions on I that have continuous partial derivatives of all orders i, i = 0,1,... ,fc. If J Ç J, we set \\f\\j = maxj \f(x,y)\ and 11/11 = \\f\\i-The modulus of continuity of functions / G C°(J) is defined by uj(f;6) = maji{\Ahuh2f(x,y)\;(x,y) G J, (x + hi,y + h2) G J,\hx\ + \h2\ < 6}, 6 >0,J CI, where Ahlitl2f(x,y) = f(x + hi, y + h2) -f(x,y); in particular, we let w(/;<5) = (jji(f;6). Furthermore, if / 6 Ck(I) (fc > 0), we define the "uniform modulus of continuity" by fifc(/; 6) = max{u)(dkf/dxk-ldyl; 6); i = 0,1,..., fc}.
Clearly, Qr}(f;6)=w(f;6).ln terms of the modulus of continuity w(/; 6), we define the following classes of functions: Proof. Consider the polynomial Pm,n of Lemma 2.2. Since $m," has degree of exactness (m,n), we have that This generalizes, except for the case of the practical abscissas, the results presented in [3] and [4] , On the other hand, we have the following COROLLARY 3.4. Ifwi=ViG GSJ (i = 1,2), then the results of Theorem 3.1 hold for the rule $m,n(/;s, t) and for the correaponding remainder Em^n(f',s,t), whenever f G TD.
In [6] , for any function / 6 LipMa, the relations (3.10) \\Em,nf\U=0 
